A model hyperbranched polymerization involving irreversible reactions between functional groups A and B in a mixture of comonomers AB x and B n (x = 2, 3,…; n = 1, 2, …) has been studied. An algorithm simulating the reactions in computer memory was developed and converted into computer code. Simulations were applied to optimize the procedure of feeding monomers AB 2 and B 2 .
Introduction
More than 50 years ago Flory [1] [2] studied theoretically the polymers obtained from AB 2 monomers (or ARB 2 , according to Flory's original notation). Here, A stands for functional group or reactive site capable of reacting with any B group (site) in the system, except for those belonging to the same molecule. Using statistical arguments Flory derived the explicit distribution of polymerization degrees of the species present in the polymerization system at a given conversion of the monomer.
The interest in the polymers prepared from AB 2 monomers rapidly grew when dendrimers were first described and commercialized [3] and new applications for these highly branched polymers started to be reported [4] [5] [6] [7] . Unfortunately, tedious multistage procedures required for preparation of dendrimers made them too expensive for large scale applications.
An alternative solution seemed to be the use, when practical of the hyperbranched polymers, i.e. the polymers prepared directly from an AB 2 monomer [8] . The preparation methods could be more direct; just one-step batch polymerization could be sufficient. The main disadvantage of the thus obtained hyperbranched polymers is the very broad distribution of both sizes and topologies of polymer species.
Hölger and Frey [9] were first to analyze the ways of reducing the size distribution of hyperbranched polymers, while preserving their highly ramified structure. The methods proposed by these authors were then extensively studied both theoretically [10] [11] [12] [13] and experimentally [14] [15] [16] [17] . The most effective method of narrowing the molecular weight distribution of hyperbranched polymers prepared directly from AB x monomers (x = 2, 3, …) seems to be carrying out the polymerization process with a small amount of B n co-monomer (n = 1, 2, …) sharing the type of groups B with AB x monomer [18] [19] [20] [21] . The presence of B n co-monomer indeed led to a reduced size dispersity of the polymer, but only at expense of the overall average degree of polymerization that was significantly reduced, as well. Hölger and Frey suggested that the procedure of carrying out the polymerization process may also help to control 2 the dispersity of hyperbranched polymers. The effect of polymerization procedures was studied by Cheng [22] and by us [23] . In this paper we continue on the same subject.
The Model
We consider a polymerization system consisting of monomer AB x with some amount of B n co-monomer. Groups A react exclusively with groups B. The model is a graphlike one, i.e. the whole system is a molecular graph of N vertices and the polymerization process is identified with the evolution of a simple multicomponent graph. At the beginning there are no edges. The limitations of the graph evolution are typical for chemical graphs: the vertices have the degree (functionality) not exceeding x or n for the vertices originating from AB x or B n monomers, respectively. No other relations between units exist, but the connectivity ones. The units in every molecule are distinguishable in order to make it possible to trace all details of the structure of molecule. There is no need, though, to enumerate functional groups. The molecules are not assigned any permanent or instantaneous location in space. The probability of a reaction between two reactive groups is determined by pure kinetics. The reactivity of a functional group does not depend on the size of molecule it is attached to Flory's principle. While studying the effect of unit substitution degree, we limit considerations to, at most, the first shell substitution effect (FSSE) [24] . Hence, the model is a typical mean-field one.
It is not difficult to see (cf. ref. [23] ) that any hyperbranched molecule in the polymerizing system involving a pair of monomers AB x and B n , irrespective of its size, has exactly one unit with unreacted A group or, alternatively, exactly one unit from B n monomer. The corresponding types of molecules will be referred to as A-type or B-type molecules.
Kinetics
The reactivity of individual units is essential for the model. Thus, kinetic analysis of the polymerization involves units rather than whole molecules. The units selected at random react with each other at the rate dependent on the status of functional groups A and B on the selected units. It is worth noticing that the random selection of units to react is equivalent to taking into account their concentrations, as the volume of the system is assumed constant.
Since we limit ourselves to FSSE case only, the reactivity of any functional group on a monomeric unit can be affected by, at most, the status of the remaining groups on the same units, i.e. on whether or not the other groups have yet reacted. Still, the number of kinetic parameters to be taken into account is large and makes the model unnecessarily tedious, but not unworkable. Hence, we will consider a simplified system where only B groups change their reactivity. The elementary reactions between functional groups can thus be written as:
where i (= 0, 1, 2, …) is the number of B groups on the monomeric unit that have already reacted and '~' stands for the rest of molecule that is unimportant from the point of view of the rate of reaction. The highest value of i is f -1, with f equal to x or n, whichever is appropriate.
With the model defined as described above, the general elementary rate constant has the form [24] :
where k* is the contribution independent of the substitution degree of reacting units, k a and k i are the contributions from group A and group B in an i-substituted unit, respectively. Since groups B are indistinguishable, the factor (f -i) is required. In general, the values of k*, k a , and k i can, in principle, be evaluated for a given system from experiment. For the purposes of modeling, however, one can use relative rate constants, usually calculated as the ratios of the actual rates to that of a reference elementary reaction. As a reference value, it is convenient to use the rate constant of the reaction between monomer units [25] , i.e. the reaction between two AB x molecules. The value of k* thus cancels out and the rate constants take the forms presented in Tab. 1.
Tab. 1.
The relative rate constants for reactions between functional groups A and B in the copolymerization of monomers AB x + B n .
Reaction no.
Status of groups B on a unit
Variable in kinetic equation (1) Relative rate constant
In a reaction between groups A and B located at the same molecule of type A an intramolecular link may appear, closing a cycle. Although these reactions occur with low probability and are usually neglected in the classical mean-field theories, they may in principle be taken into account in the Monte-Carlo modeling. The cyclecontaining molecules have no more A group to react and hence grow only through their B groups. The presence of at most one cycle per molecule greatly facilitates tackling the problem in computer as compared with modeling the network polymerization. In this work the rate constants of cycle-closing reactions are assumed the same as their intermolecular analogues. Since the cyclization reaction is a monomolecular reaction as opposed to intermolecular reactions, the procedure of picking reagents at random automatically reduces the chance of its occurrence and such a probability is the lower, the larger the system. It can be artificially enhanced by setting the probability (rate) of cycle closing reactions larger than those for corresponding reactions (e.g. to model diluted systems).
Polymerization procedure
The polymerization simulations were carried out in bulk in one-batch or quasi onebatch system. The first system considered was the classical one with monomers B n and AB x introduced to a reactor in one step at given proportions. The quasi onebatch system involved placing the whole amount of B n component in the reactor along with only a part of AB x monomer. The rest of AB x monomer was divided into a number of portions and added to the reactor at certain predetermined conversion of functional groups. One can think of many methods of introducing portions of AB x monomer, starting from slow continuous addition [26] and ending at a number of equal portions introduced after reaction, say, 80% of all previously introduced A groups. The 'stoichiometric' (or 'dendrimeric') feeding involved dividing all AB x monomer into several portions so that the proportions of monomer introduced at each stage corresponded to that in successive generations of the corresponding dendrimer. When the polymerization process started at the molar ratio of B n : AB x = 1 : n, then each next portion of AB x was x times bigger than the previous one.
Another parameter was the conversion of A groups at the moment of introducing the next portion of monomer. The effect of this moment will be discussed in a subsequent paper.
Algorithm & computer implementation
To ensure possibly full information on the reacting system, the molecules were stored in computer memory in the form of the network of connections between units. Consequently, basing on the status of just one unit (the way it was linked to neighboring units) it was possible to identify by recurrent procedures the whole molecule and perform on it any required operation. Whenever iteration was faster than recurrent operation, the former was applied. This was achieved by appropriate construction of variables describing the reacting system.
The most important variables were:
The virtual reaction system consisting of N units represented by N records containing: Other variables describing typical molecular parameters of the system, auxiliary, and control variables.
The parameter controlling the whole of the process was the conversion degree defined as the fraction of groups A that had reacted. In fact two conversion degrees were used, one related to the conversion at a certain stage of the process, p et , and the overall conversion degree, p. The former controlled the moment of introducing the subsequent portion of monomer AB n , and the second was used to compare the results obtained in different variants of the polymerization process. Calculating the relative rate constants for each elementary reaction from the known or assumed kinetic data (k a , k i ). The highest value was then selected and defined the reaction probability vector P containing all relative rate constants divided by the highest value so that the entries were in the range between 0 and 1.
Initialization

Setting the remaining parameters to their initial values.
Simulation runs
These involved:
1. Initialization of parameters as described above.
2. Random selection of two units from the set 1…N et . The picking out took place until a pair of appropriate units was found. The units had to have A and B group, respectively, available for reaction.
3. Establishing the type of elementary reaction and the probability of link formation. This was done by analyzing the substitution status of the units chosen.
4. Return of the algorithm to the unit selection step (p. 2) should the probability of link formation turned out to be too small. The probability threshold for the selected type of reaction was appropriately reduced.
Formation of virtual link between selected units
6. Updating and writing to disk the control parameters p and p et and all molecular parameters describing the system. 7. Checking whether or not the final conversion at a given stage, p et was reached. If yes, the next portion of monomer AB x was added and all parameters updated. 8. Checking whether or not the final global conversion, p, was reached. The highest terminal conversion was set not higher than 0.995, as beyond that value the time of simulation substantially increased. If yes, simulation terminates.
Return to unit selection (point 2).
Link-forming procedure for units
By defining the reacting system as described above, it was straightforward to store and process information on the status of individual units and molecules in the system. Formation of a link between units involved the following steps:
1. finding the size of both reacting molecules from vector S based on parameters m in records describing both units, 
Results and Discussion
In this study we concentrated on the effect of the number of monomer portions into which AB 2 monomer was divided in a semi-batch polymerization process. The total size of the system was constant and comprised 2 million units. Monomer B 2 was used in the amount of 4 mol-% (50 000 units).
The total of AB 2 monomer was divided into a predetermined number of portions. The first portion was placed into reactor along with the total of B 2 monomer. The polymerization was carried out up to the conversion of A groups equal to 95%. Then, the next portion of AB 2 monomer was added and polymerization continued, again, up to p et = 0.95. The procedure was repeated until the last portion of AB 2 monomer had reacted.
As pointed out above, the molecular parameters of the system at each stage of reaction were recalculated for the whole system, despite that the size of the system was initially smaller than the final one. The recalculation steps facilitated comparison of the system status at the same global conversion, irrespectively of the actual size of the system at a given stage. In ref. [21] , where analytical solutions of the problem were presented, the data were plotted for the actual step sizes, without taking into account the monomer not yet introduced.
The evolution of the weight average polymerization degree, P w , in the systems where monomer AB 2 was added in 3, 10, and 100 portions is shown in Fig. 1 and compared to the system where whole AB 2 monomer was added at once. The polymerization was assumed to proceed randomly, i.e. with equal reactivity of all B groups (k 0 = k 1 = 1). As one can see, the larger the number of portion into which the total of monomer AB 2 was divided, the larger were P w values at small conversion. As the conversion progressed, the differences in P w calculated for different feeding procedures became smaller. It is worth noticing that the higher was the number of stages into which the system was divided, the more rapid growth of P w was observed at the very initial stages of reaction. Bearing in mind that all unreacted monomer was included into P w values plotted, the growth of large molecules was indeed considerably faster than in the one-batch system. We do not show in Fig. 1 the curve corresponding to the 1000 steps experiment, since it is practically the same as that for 100 monomer feedings. The dispersity D defined as the ratio of weight to number average polymerization degrees [27] is plotted in Fig. 2 . The thick lines are the ratios of reduced values P w,red and P n,red with contributions from monomer molecules subtracted from calculations. This was justified by the fact that in some real systems the monomers are lost in the procedure of polymer isolation [28] . Fig. 2 . Conversion dependence of dispersity defined as P w /P n (thin lines) and that for reduced values P w,red /P n,red in the system where to monomer B 2 (4 mole-%), monomer AB 2 was added in 1, 10, or 100 equal portions.
It is easy to see that introduction of monomer in portions changes the character of the dispersity dependence on conversion. This parameter continuously grows in the 8 one batch system, while, when the system is divided into portions, it grows at small to moderate conversion, but decreases as conversion approaches unity.
Furthermore, one can evidently observe that into more portions AB 2 monomer is divided, the lower is the final dispersity value, or the size distribution of polymer becomes narrower. Fig. 3 . The reduced number average polymerization degree, P n,red (the average size of molecules after disregarding unreacted monomer) vs. conversion in the system where to monomer B 2 (4 mole-%), monomer AB 2 is added in 1, 10, or 100 equal portions.
The reason is that when monomer is added in portions, the branched molecules that are formed at the initial stages of reaction contain mostly B groups as the reaction is carried out at relatively high concentration of B 2 monomer. Consequently, these big molecules grow faster than the small ones. The latter, including monomers, are captured by the bigger molecules. This characteristic feature of the hyperbranched polymerization with AB 2 monomer divided into portion is well illustrated in Fig. 3 , where the reduced number average polymerization degrees P n,red of hyperbranched species are plotted against conversion. The reduced values do not include contributions from monomer molecules. In the one-batch reaction the number average polymerization degree grows hyperbolically, whereas for the systems divided into portions, the dependence of reduced number average polymerization degree on conversion becomes linear. Similar dependence was observed for P n of the B-type molecules only (not containing A group) in the system divided into portions [23] .
Another feature evidencing this conclusion is the average structure of molecules formed at different stages of reaction. For hyperbranched polymers, the average structure of molecules is usually characterized by Frey's branching degree defined, in this particular case, by the ratio of the number of branching and terminal units to the total number of units [9] . It is easy to verify that the branching degree changes from almost zero, for long linear chains, to unity for perfect dendrimers.
The plot of Frey's degree of branching vs. conversion is presented in Fig. 4 .
In a one batch system it is a linear function approaching (1 -g)/2 for p 1 where g is the fraction of B 2 monomer [29] . By dividing the AB 2 monomer into portions, much more ramified structure of molecules can be obtained at the beginning of reaction. Furthermore, the more parts the monomer is divided, the higher final branching index is obtained. In every case it is higher than 0.5, the limiting value for the randomly reacting monomer. We did not exclude the cycle-closing reactions from the algorithm since there are reports [30] suggesting a higher degree of cyclization in polycondensation of an AB 2 monomer than a negligible one. In our spatially uncorrelated system, however, no more than a few (<5) intramolecular links were recorded in all our simulations.
Conclusions
Methods of carrying out hyperbranched polymerization using AB x type of monomer can conveniently be simulated in a computer memory by using Monte Carlo approach. The code developed can be used to verify an optimal polymerization procedure.
In the polymerization involving an AB 2 monomer and a small amount of B n compound, a polymer product can be obtained with substantially reduced width of the molecular size distribution and highly ramified structure of molecules, by placing a small amount of B n in the reactor and introducing AB 2 monomer in many steps.
